Abstract. We say that a compact quantum group G is an R + -deformation of a compact quantum group H if there exists an isomorphism of semirings of finite dimensional representations R + (G) ≃ R + (H). In this paper we describe some results which motivate this definition, we survey some recent computations of semirings of representations which give rise to R + -deformations, and we state some related conjectures.
Introduction
The Woronowicz algebras are the Hopf C * -algebras which correspond to both notions of "algebras of continuous functions on compact quantum groups" and "C * -algebras of discrete quantum groups".
They can be defined as being the inductive limits of algebras of continuous functions on compact matrix quantum groups (i.e. the algebras in definition 1.1 in [31] ) or, equivalently, as being the bisimplifiable unital Hopf C * -algebras. See [33] , see also [1] .
Definition 1. The fusion semiring R + (A) of a Woronowicz algebra A is the set of equivalence classes of finite dimensional smooth corepresentations of A, endowed with the binary operations + (the sum of classes of corepresentations) and ⊗ (the tensor product of classes of corepresentations).
By cosemisimplicity coming from Woronowicz' Peter-Weyl type theory ( [31] ) R + (A) is isomorphic to the free monoid N · Irr(A) as an additive monoid. The terminology comes from the fact that formulas of the form a ⊗ b = c + d + e + . . . with a, b, c, d, e, . . . ∈ Irr(A) -that is, the splitting into a sum of irreducible corepresentations of a tensor product of irreducible corepresentations -are called fusion rules for irreducible corepresentations.
Fusion rules -and related algebraic objects, such as fusion semirings, rings, algebras, and principal graphs -appeared in many recent theories arising from mathematics and physics (quantum groups, conformal field theories, subfactors) and may be thought of as being a common language of these theories. In fact one can associate a "fusion" semiring to any semisimple monoidal category. There is also a more classical origin of fusion rules, in the work of Weyl, Brauer and others on the multiplicative theory of representations of compact groups. Let us also mention that this classical area was recently subject to a number of surprising developements, such as the work of Wenzl [28] and Deligne [10] .
The aim of this survey on R + for Woronowicz algebras is to convince the reader that the existence of an isomorphism of the form R + (A) ≃ R + (B) is a "good" definition for "A is a deformation of B". Let us introduce the following definition.
Definition 2. Let A and B be two Woronowicz algebras. We say that A is an R + -deformation of B if there exists an isomorphism of semirings
We say that A is a dimension-preserving R + -deformation of B if there exists such an isomorphism f satisfying
where dim X denotes the dimension function of representations of X, for any X.
In the rest of the paper we describe results and state conjectures which motivate this definition.
Relation with various "deformations"
We first discuss the relation between R + -deformation and q-deformation. Let g be a complex Lie algebra of type A,B,C,D and let G be the corresponding compact connected simply-connected Lie group. Let q ∈ C * be a number which is not a root of unity, and let U q g be the Drinfeld-Jimbo quantization of the universal enveloping algebra Ug. It was shown by Rosso in [22] that if q > 0 then the restricted dual (U q g)
• has a canonical involution, has a C * -norm, and that its completion is a Woronowicz algebra, called C(G) q .
The results of Lusztig and Rosso on the q-deformation of finite dimensional representations of Ug show via [22] that these q-deformations are R + -deformations.
We mention that for G = SU(2) (resp. G = SU(N) for any N) this result was also obtained by Woronowicz in [30] (resp. [32] ) by using other methods.
We recall that for n ≥ 2 and F ∈ GL(n, C) the C * -algebra A u (F ) is defined with generators {u ij } i,j=1,... ,n and the relations making unitaries the matrices u and FūF −1 . It is a Woronowicz algebra. Its universality property shows that it corresponds to both notions of "algebra of continuous functions on the quantum (or free) unitary group" and "C * -algebra of the free discrete quantum group". See [24] . The fusion rules for irreducible corepresentations of A u (F ) were computed in [3] , and one consequence is the following one.
The quotient of A u (F ) by the relations u = FūF −1 is called A o (F ). Its universality property shows that it corresponds to the notion of "algebra of countinuous functions on the quantum (or free) orthogonal group". See [24] . As the operator FF intertwines the fundamental corepresentation u, the algebra A o (F ) is defined only for matrices F satisfying FF = scalar multiple of the identity.
One can easily prove that A o 0 1 −1 0 is isomorphic to C(SU (2)) (see proposition 5 in [3] ), so half of the above result says that A o (F ) is an R + -deformation of C(SU(2)) for any F (satisfying FF ∈ C · Id of course). One can ask then whether there exist such structure results for the R + -deformations of SU(N) with N arbitrary. Besides theorem 1 for G = SU(N) and theorem 3 which completely solves the case N = 2, we have the following results.
Theorem 4 ([13]
). Any rigid monoidal semisimple C-category having the fusion semiring isomorphic to R + (sl N ) is a twist of the category of finite dimensional representations of U q sl N , for some q ∈ C * which is not a root of unity, and which is uniquely determined up to q ↔ q −1 .
Theorem 5 ([6]
). The R + -deformations of C(SU(N)) are exactly the R-matrix quantizations of it in the sense of Gurevich [11] .
Theorem 5 was obtained using theorem 4 and the Tannaka-Krein type duality of Woronowicz ([32] ): the point was to show (via reconstruction arguments) that the faithful monoidal functors on the categories in [13] are in one-to-one correspondence with the R-matrices in [11] . In fact the proofs of the above theorems 2,3 and of theorem 6 below also use "reconstruction" methods (see the appendix of [7] for a general discussion on this subject).
Let us mention that for N = 3 a related result was proved by Ohn [17] by using other methods. Also, Gurevich's R-matrices appear naturally in the theory of full multiplicity ergodic actions of SU(N) on von Neumann algebras, and Wassermann classified them for N = 3 in [27] . There is also the following 10-year old conjecture of Woronowicz on this subject:
We recall from [25] (see also [7] ) that associated to any finite dimensional C * -algebra B is a Woronowicz algebra A aut (B), which by definition has a universality property making it the "algebra of countinuous functions on the compact quantum automorphism group of B". By [7] if dim(B) ≥ 4 then A aut (B) is an R + -deformation of C(SO(3)), and this could be interpreted in the following way.
All these results certainly justify our terminology "R + -deformation". However, it is not clear how R + -deformation could be related to more operator algebraic notions of deformation based on continuous fields of C * -algebras ( [20] , [9] ). Maybe a constructive proof of conjecture 2 below would do part of the job.
We recall that a Woronowicz algebra A is said to be a Woronowicz-Kac algebra if the square of its antipode is the identity. This happens for instance when A = C(G) with G a compact group, or when A = C * (Γ) with Γ a discrete group, or when A is finite dimensional.
What happens is that, to our knowledge, each known example of a Woronowicz algebra is related to a Woronowicz-Kac algebra. The word "related" should be taken in a very vague sense, for instance A u (F ) may be thought as being related to A u (I n ) -which is a Woronowicz-Kac algebra -just because their presentations look quite the same! So one could wonder about a notion of "deformation" which is such that any Woronowicz algebra is a "deformation" of a Woronowicz-Kac algebra. We conjecture that this is the case for "R + -deformation".
Conjecture 2 ("Anti-deformation"). Any Woronowicz algebra is an R + -deformation of a Woronowicz-Kac algebra.
This would be of real interest for certain operator algebraic problems, in connection with properties which are invariant under R + -deformation (see section 3 below). Let us also state a weaker conjecture.
Conjecture 3. Any R
+ -rigid Woronowicz algebra is a Woronowicz-Kac algebra.
When restricting attention to Woronowicz-Kac algebras, R + -deformation seems to be quite a subtle notion. As an example, C(SU(2)) has exactly one dimension-preserving R + -deformation, namely the algebra C(SU(2)) −1 constructed by Woronowicz in [30] .
Conjecture 4. Any Woronowicz-Kac algebra has finitely many dimension-preserving R + -deformations among the Woronowicz-Kac algebras.
Notice that this would be stronger than the result on the finiteness of finite dimensional Kac algebras of given dimension, which follows from the recent work of Stefan [23] and Ocneanu [16] . Indeed, it's easy to see that there are finitely many choices for the fusion semirings of Kac algebras having a given finite dimension.
An even stronger conjecture will be stated in section 4 below.
Applications to analytical properties of discrete quantum groups. Relation with subfactor philosophy
We recall that if Γ is a discrete group then C * (Γ) is a Woronowicz algebra. Its finite dimensional irreducible corepresentations are all 1-dimensional, and are in one-to-one correspondence with the elements of Γ. Their fusion corresponds in this way to the product of Γ. That is, the fusion semiring of C * (Γ) is the convolution semiring N · Γ of Γ. It follows that Γ may be reconstructed from R + (C * (Γ)), and we get the following result.
This could be interpreted as saying that any property of Γ could be translated in terms of R + (C * (Γ)). One could expect that, more generally, there are many properties of (discrete quantum groups represented by) arbitrary Woronowicz algebras A which can be translated in terms of R + (A). On the other hand, it is part of the subfactor philosophy that many analytical properties of subfactors should be read on their standard invariants, and, with some luck, on their fusion algebras (see e.g. [18] , [19] ; for fusion algebras of subfactors see e.g. [8] ). As subfactors are known to be strongly related to Woronowicz algebras (see e.g. [4] , [5] ) this gives real hope for the corresponding properties of (discrete quantum groups represented by) Woronowicz algebras to be read on the fusion semirings.
Each such property P is invariant under R + -deformation, i.e. we have (A has P ) and (R + (A) ≃ R + (B)) =⇒ (B has P ) This seems to be a really useful method in the theory of discrete quantum groups. Unfortunately, this subject has been quite neglected. There are however two properties which had been already considered. First is amenability. Given any Woronowicz algebra A, one can construct a "full version" of it A p and a "reduced version" of it A red (this is because the Haar functional is not necessarely faithful; see [31] , [1] ). A is said to be amenable (as a Woronowicz algebra!) if the canonical map A p → A red is an isomorphism. Let us also say that a Woronowicz algebra A is finitely generated (or co-matricial) if there exists u ∈ R + (A) whose coefficients generate A (that is, if A is as in definition 1.1 in [31] ). This terminology agrees with the common use of the prefix "co" and with the commonly accepted fact that the category of compact quantum groups is by definition dual to the category of Woronowicz algebras, which in turn is by definition the category of discrete quantum groups.
The quantum Kesten criterion for amenability has the following consequence.
Theorem 8 ([4]
). The notion of amenability for finitely generated Woronowicz algebras is invariant under dimension-preserving R + -deformations.
Corollary 1 ([4]). C(G) q is amenable as a Woronowicz algebra. 2
A direct proof of this result would be certainly difficult. For G = SU(N) this was already proved by Nagy, by using direct quite technical arguments (see [15] ).
Second is Powers' Property of de la Harpe [12] .
Theorem 9 ([3]
). Let A be a Woronowicz algebra. We endow the set P(Irr(A)) of subsets of Irr(A) with the involution S = {a | a ∈ S} and with the multiplication
We say that A has Powers' Property if for any finite subset F ⊂ Irr(A) − {1} there exist elements r 1 , r 2 , r 3 ∈ Irr(A) and a partition Irr(A) = D E such that
If A has Powers' Property then A red is simple, with at most one trace.
Powers' Property for A depends of course only on R + (A), but this is not so interesting, because it is true by definition. Thus theorem 9 is not an illustrating example for the above-mentioned method, but rather for the following more general method (with Q = A red is simple, with at most one trace):
A personal comment. Theorem 9 and this method were in fact the starting point of my work on R + : one of the first questions G. Skandalis asked me when I started my Ph. D. thesis was to show that A u (F ) red is simple, with at most one trace; and I couldn't do it before realising that I have first to compute R + (A u (F ) ).
R + as an invariant for compact quantum groups
This section contains a few speculations around theorem 7. We felt free to use the language of quantum groups. R + (G) will denote the fusion semiring := R + (C(G)) of a compact quantum group G. If A is a Woronowicz algebra, we denote by A the corresponding compact quantum group. Theorem 7 can be reformulated in the following way.
Theorem 10. R
+ is a complete invariant for duals of discrete groups. 2 Comment 1. While quite trivial, this is a positive result, as specialists know that the first psychological obstruction to the classification of compact quantum groups is the fact that (duals of) discrete groups cannot be classified. At the opposite side, R + is not a complete invariant for (classical) compact groups. More dramatically, the classification of compact groups has nothing to do with fusion semirings. Maybe this is the price to pay for having an invariant which distinguishes between duals of discrete groups. Comment 2. Results similar to that of Kazhdan and Wenzl are expected to hold in the cases B,C,D ( [29] ). Thus R + might be a quite "fine" invariant for semisimple monoidal categories. When passing to compact quantum groups (via Tannaka-Krein type duality [32] ) the list of objects having a given fusion semiring grows of course, but in the cases where computations were done (see section 2), it seems to remain reasonably small. Comment 3. One can easily define some invariants which are finer than R + . The pair (R + , dim), where dim is the dimension of representations, distinguishes for instance A u (I 2 ) from A u (I 3 ). Also (R + , qdim), where qdim is the quantum dimension of representations, distinguishes A u (I 2 ) from A u 1 0 0 q when q = 1. The most general related invariant is (R + , list), where list(π) is the list of eigenvalues of the canonical intertwiner Q π between π ∈ R + and its double contragradient (cf. [31] ; see section 1 in [4] for more details). One can show that (R + , list) is a complete invariant for each A u (F ) ( [26] ; see also example 1.4 in [4] ). However, (R + , list) does not distinguish between SU(2) and SU(2) −1 .
Conjecture 5.
There are only finitely many compact quantum groups having a given (R + , list) invariant.
Notice that this is stronger than conjecture 4. Indeed, in the case of Kac type compact quantum groups, list(π) = {1, 1, . . . , 1} (dim(π) 1's) for any π ∈ R + (G), so the invariants (R + , list) and (R + , dim) are equivalent. One invariant which distinguishes between SU(2) and SU(2) −1 is Rep, the monoidal equivalence class of the category of finite dimensional representations. Notice that both (R + , list) and Rep are finer than R + . The relation between them is not very clear.
